In this paper, we prove the existence of a solution of the mixed equilibrium problem MEP(f , ϕ, C) by using the KKM mapping in a Banach space setting. Then, by virtue of this result, we introduce a hybrid iterative scheme for finding a common element of the set of solutions of MEP(f , ϕ, C) and the set of common fixed points of a countable family of quasi-φ-asymptotically nonexpansive multivalued mappings. Furthermore, we prove that the sequences generated by the hybrid iterative scheme converge strongly to a common element of the set of solutions of MEP(f , ϕ, C) and the set of common fixed points of a countable family of quasi-φ-asymptotically nonexpansive multivalued mappings.
Introduction
Let E be a Banach space with the norm · and the dual E * . We denote by N and R the sets of positive integers and real numbers, respectively. Also, we denote the normalized duality mapping from E to  E * by J defined by http://www.fixedpointtheoryandapplications.com/content/2013/1/251
Lemma . [] Let C be a nonempty, closed and convex subset of a smooth, strictly convex and reflexive Banach space E, and let T be a relatively nonexpansive mapping from C into itself. Then F(T) is closed and convex.
In , Takahashi and Zembayashi [] introduced the following iterative scheme which is called the shrinking projection method:
u n ∈ C such that f (u n , y) +  r n y -u n , Ju n -Jw n ≥ , ∀y ∈ C, C n+ = {v ∈ C n : φ(v, u n ) ≤ φ(v, x n )},
where J is the duality mapping on E, C is the generalized projection from E onto C and S is relatively nonexpansive single-valued mapping. They proved that the sequence {x n } converges strongly to a common element of the set of fixed points of a relatively nonexpansive single-valued mapping and the set of solutions of an equilibrium problem under appropriate conditions in a uniformly smooth and uniformly convex Banach space.
In the case of single-valued mapping, many authors such as in references [, , -] studied the problem of finding a common element of the set of fixed points of a nonexpansive or relatively nonexpansive mapping and the set of solutions of an equilibrium problem in the framework of Hilbert spaces and Banach spaces.
Let N(C) and CB(C) denote the family of nonempty subsets and nonempty closed bounded subsets of C, respectively. The Hausdorff metric on CB(C) is defined by A multivalued mapping S : C → N(C) is said to be relatively nonexpansive if the following conditions are satisfied:
(
) F(S) is nonempty; () φ(p, z) ≤ φ(p, x) for all x ∈ C, p ∈ F(S), z ∈ Sx; ()F(S) = F(S).
It is obvious that the class of relatively nonexpansive multivalued mappings contains properly the class of relatively nonexpansive multivalued mappings (for example, see [] ). They introduced the following iterative sequence for finding a fixed point of the relatively nonexpansive multivalued mapping S : C → N(C):
x  ∈ C, x n+ = C (α n J(x n ) + ( -α n )J(z n )), z n ∈ Sx n , ∀n ≥ , (.)
where {α n } ⊂ [, ]. Moreover, they proved weak and strong convergence theorems for a single relatively nonexpansive multivalued mapping in a uniformly convex and uniformly smooth Banach space E. http://www.fixedpointtheoryandapplications.com/content/2013/1/251
A multivalued mapping S : C → CB(C) is said to be quasi-φ-nonexpansive [, ] if F(S) = ∅ and φ(p, z) ≤ φ(p, x), ∀x ∈ C, p ∈ F(S), z ∈ Sx.
S : C → CB(C) is said to be quasi-φ-asymptotically nonexpansive [, ] if F(S) = ∅ and there exists a real sequence l n ⊂ [, +∞) with l n →  such that φ(p, z n ) ≤ l n φ(p, x), ∀x ∈ C, p ∈ F(S), z n ∈ S n x.
We remark from the above definitions that the class of quasi-φ-asymptotically nonexpansive multivalued mappings contains properly the class of quasi-φ-nonexpansive multivalued mappings as a subclass, and the class of quasi-φ-nonexpansive multivalued mappings contains properly the class of relatively nonexpansive mappings as a subclass.
Recently, Yi [] introduced the following modifying Halpern iterative sequence for a quasi-φ-asymptotically nonexpansive multivalued mapping S. Let {x n } be the sequence generated by
where ζ n = (l n -) sup p∈F(S) φ(p, x n ) and {α n } ⊂ (, ). Under suitable conditions, the author proved that {x n } converges strongly to F(S) x  . Motivated and inspired by the above results, we investigate the problem of finding a common element of the set of solutions of MEP(f , ϕ, C) and the set of common fixed points of a countable family of quasi-φ-asymptotically nonexpansive multivalued mappings in Banach spaces.
The rest of the paper is organized as follows. In Section , we provide necessary concepts and lemmas. In Section , we derive the existence and uniqueness of solutions of the auxiliary problems for the MEP(f , ϕ, C) when the bifunction f is relaxed ξ -monotone by using the well-known KKM technique. In Section , we prove that our proposed hybrid iterative scheme converges strongly to a common element of the set of MEP(f , ϕ, C) and the set of common fixed points of a countable family of quasi-φ-asymptotically nonexpansive multivalued mappings. In Section , we give an application for a system of mixed equilibrium problems. The last section is the conclusions.
Preliminaries
Throughout this paper, let E be a real Banach space and E * be its dual space. We write x n x (respectively x n * x) to indicate that the sequence {x n } weakly (respectively weak * )
converges to x; as usual x n → x will symbolize strong convergence. Let S(E) = {x ∈ E : x = } denote the unit sphere of a Banach space E. A Banach space E is said to have a Gâteaux differentiable norm (we also say that E is smooth) if the limit
exists for each x, y ∈ S(E). A Banach space E is said to have a uniformly Gâteaux differentiable norm if for each y in S(E), the limit (.) is uniformly attained for x ∈ S(E); a Fréchet differentiable norm if for each x ∈ S(E), the limit (.) is attained uniformly for y ∈ S(E); a uniformly Fréchet differentiable norm (we also say that E is uniformly smooth) if the limit (.) is attained uniformly for (x, y) ∈ S(E) × S(E). A Banach space E is said to strictly convex if x+y  <  for x, y ∈ S(E), x = y; uniformly convex if, for any ε ∈ (, ], there exists δ >  such that for any x, y ∈ S(E), x -y ≥ ε implies
Remark . The following basic properties for the Banach space E and for the normalized duality mapping J can be found in Cioranescu [] .
(i) E (E * , resp.) is uniformly convex if and only if E (E * , resp.) is uniformly smooth.
(ii) If E is smooth, then J is single-valued and norm-to-weak continuous.
(v) Each uniformly convex Banach space E has the Kadec-Klee property, that is, for any sequence
Recall the Lyapunov function φ defined by
It follows from the definition of the function φ that
If E is a Hilbert space, then φ(y, x) = y -x  and C is the metric projection of H onto C.
We known the following lemma for generalized projection.
Lemma . []
Let E be a smooth, strictly convex and reflexive Banach space, and let C be a nonempty, closed and convex subset of E. Then the following conclusions hold:
Now, let us recall the following useful concepts and results. 
Existence results of mixed equilibrium problem
In this chapter, we prove the existence theorem for MEP(f , ϕ, C) by using the KKM technique. Before solving mixed equilibrium problem (.), let us assume the following conditions for a bifunction f : C × C → R:
(A) for all y ∈ C, f (·, y) is upper hemicontinuous, i.e., for all x, y, z ∈ C,
(A) for all x ∈ C, f (x, ·) is convex and lower-semicontinuous.
Lemma . Let C be a nonempty, closed and convex subset of a real smooth, strictly convex and reflexive Banach space E, let f be a bifunction from C × C to R satisfying (A)-(A),
and let ϕ be a lower semicontinuous and convex function from C to R. Let z ∈ C. Then the following problems (.) and (.) are equivalent:
Proof Letx ∈ C be a solution of problem (.). It follows from (A) that
Conversely, letx ∈ C be a solution of problem (.). For any t ∈ (, ], we put
Then y t ∈ C, because of the convexity of C. Sincex ∈ C is a solution of problem (.), it follows that
Using (A) and (A), we have
and so
The convexity of the function ϕ implies that
It follows from (.)-(.) and the convexity of
This implies that
Taking the upper limit t →  in (.), by (A) and p > , we get that
Therefore,x is also a solution of problem (.). This completes the proof.
Lemma . Let C be a nonempty, bounded, closed and convex subset of a real smooth, strictly convex and reflexive Banach space E, let f be a bifunction from C × C to R satisfying (A) and (A), and let ϕ be a lower semicontinuous and convex function from C to R. Let z ∈ C. Assume that (i) ξ : E → R is weakly upper semicontinuous; that is, for any net
Then the solution set of problem (.) is nonempty; that is, there existsx
and
for every y ∈ C. It is easily seen that y ∈ F z (y) and y ∈ G z (y), and hence F z (y) and G z (y) are nonempty.
(a) We claim that F z is a KKM mapping. If F z is not a KKM mapping, then there exist {y  , . . . , y n } ⊂ K and μ i > , i = , . . . , n, such that
By the definition of F z , we have
for all i = , . . . , n. It follows from (A), (A), the convexity of ϕ and
which is a contradiction. This implies that F z is a KKM mapping. http://www.fixedpointtheoryandapplications.com/content/2013/1/251 (b) We claim that G z is a KKM mapping. It is sufficient to show that
For any given y ∈ C, taking x ∈ F z (y), then
It follows from the relaxed ξ -monotonicity of f that
It follows that x ∈ G z (y) and so
This implies that G z is also a KKM mapping.
(c) We show that G z (y) is weakly closed for all y ∈ C. Let {u n } be a sequence in G z (y) such that u n u as n → ∞. It then follows from u n ∈ G z (y) that
By (A), the weak lower semicontinuity of ϕ and ·  , and the weak upper semicontinuity of ξ , we obtain from (.) that
This shows that u ∈ G z (y) and hence G z (y) is weakly closed for all y ∈ C.
(d) We prove that G z (y) is weakly compact. Since C is a closed, bounded and convex subset of a reflexive Banach space E, it is weakly compact. Again, since G z (y) is a weakly closed subset of C, we also have G z (y) is weakly compact.
By using (a)-(d) and Lemma . and Lemma . that
Hence, there exists x  ∈ C satisfying inequality (.). This completes the proof. there existsx ∈ C such that ψ(x) =  and ψ(y) + y -x, Jx ≥ , ∀y ∈ C (.) and there existsx ∈ C such that ψ(x) =  and ψ(y)
Proof Letx satisfy (.). It is well known that
Letx satisfy (.). For any t ∈ (, ], let y t = ( -t)x + ty. Then y t ∈ C because of the convexity of C, and so
Notice that in a real smooth, strictly convex reflexive Banach space E, the duality mapping J is single-valued, -, and onto. Since   ·  is continuous and Gâteaux differentiable, from the mean value theorem, there exists α t ∈ (, ) such that
where
Dividing t in the above inequality, we get
By the existence of w α t , w α t →x as t → . Since J is norm-to-weak * continuous, we have
This completes the proof.
Remark . Ifx ∈ C is a solution of (.), then
For any fixed z ∈ E, we put ψx(
Obviously, ψx(x) =  and ψx is a convex function, since the linearity of a duality mapping and the convexity of f (x, ·) and ϕ. Hence
It then follows from Proposition . thatx is a solution of the following problem: 
Proof If f (x, y) : C × C → R satisfies (A)-(A) and ϕ : C → R is convex lower semicontinuous, then for any r > , we known that rf (x, y) and rϕ are also. We have from Lemma . and Remark . that T r z is nonempty for all z ∈ E. http://www.fixedpointtheoryandapplications.com/content/2013/1/251
Adding (.) and (.), we have
By the relaxed ξ -monotonicity of f , we know that
In (.) exchanging the position of x  and x  , we get
Now, adding inequalities (.) and (.), by using (ii), we have
Since J is monotone and E is strictly convex, we have x  = x  , and so T r (z) is single-valued. 
It follows from (ii) and r >  that
T r x -T r y, JT r x -JT r y ≤ T r y -T r x, Jx -Jy .
() Indeed, we have the following: Hence, we have
φ(T r x, T r y) + φ(T r y, T r x) ≤ φ(T r x, y) + φ(T r y, x) -φ(T r x, x) -φ(T r y, y). (.)
So, we have, for any x, y ∈ C,
φ(T r x, T r y) + φ(T r y, T r x) ≤ φ(T r x, y) + φ(T r y, x).
Next, we show thatF(T r ) = MEP(f , ϕ, C). Let p ∈F(T r ). Then there exists {u n } ⊂ E such that z n p and lim n→∞ (u n -T r u n ) = . Moreover, we get that T r u n p. Since the duality mapping J is uniformly continuous on a bounded set, we get
From the definition of T r , we have
By (A), the convexity and lower semicontinuity of ϕ(x) and the weak upper semicontinuity of ξ , we can obtain that
Let y ∈ K and set p t = ty + ( -t)p for t ∈ (, ]. It follows from (A) and (A) that
It follows from (.)-(.) that
Dividing by t, we have
By (A) and p > , taking the upper limit t →  in (.), we get
Hence, p ∈ MEP(f , ϕ, C), and so F(T r ) = MEP(f , ϕ, C) =F(T r ). Therefore, we have T r is a relatively nonexpansive mapping. From Lemma ., MEP(f , ϕ, C) = F(T r ) is closed and convex. () From (.) we have, for all x, y ∈ E, φ(T r x, T r y) + φ(T r y, T r x) ≤ φ(T r x, y) + φ(T r y, x) -φ(T r x, x) -φ(T r y, y).
Letting y = p ∈ F(T r ), we have
Strong convergence theorems
Before proving the convergence theorem, we recall some definitions of a countable family of multivalued mappings Let {x n } be a sequence in C generated by
Definition . {S
Proof We divide the proof into five steps. Firstly, we rewrite algorithm (.) as follows:
where T r is the mapping defined by (.) for all r > .
Step . We first show that the sequence {x n } is well defined. It suffices to prove that C n is closed and convex and that ⊂ C n for all n ≥ . Suppose that C n is closed and convex for some n ≥ . By the definition of φ, we have
This shows that C n+ is closed and convex. The conclusions are proved.
Step . Next, we prove that ⊂ C n for all n ≥ . In fact, it is obvious that ⊂ C  := C. Suppose ⊂ C n for some n ≥ . Hence, for any p ∈ , it follows from Lemma .() that
This shows that p ∈ ⊂ C n+ . Hence ⊂ C n for all n ≥ .
Step . We show that {x n } converges strongly to some pointx. Since x n = C n x  , from Lemma .(iii), we have that
Also, since F ⊂ C n , we have
It follows from Lemma .(ii) that for each p ∈ F and for each n ≥ ,
Therefore, {φ(x n , x  )} is bounded, and so is {x n }. Since x n = C n x  and x n+ = C n+ x  ∈ C n+ ⊂ C n , we have
That is, {φ(x n , p)} is a nondecreasing sequence, and so lim n→∞ φ(x n , p) exists. Since E is reflexive, there exists a subsequence {x n i } ⊂ {x n } such that x n i x ∈ C. Since C n is closed, convex and C n+ ⊂ C n , we get that C n is weakly closed andx ∈ C n for all n ≥ . Since
By the weak lower semicontinuity of · , we have lim inf
Therefore lim i→∞ φ(x n i , x  ) = (x, x  ), and so x n i → x . Since E has the Kadec-Klee property and x n i x, we obtain that x n i →x. Since the limit of {φ(x n , x  )} exists, this http://www.fixedpointtheoryandapplications.com/content/2013/1/251 together with lim n→∞ φ(
. If there exists a subsequence {x n j } ⊂ {x n } such that x n j x. Then by Lemma .(ii) we have that
Hencex =x, and so
Step . We prove thatx ∈ F . Since x n = C n x  , by Lemma .(ii) we get that
Since x n+ ∈ C n+ ⊂ C n , we get that
Since lim n→∞ φ(x n , x  ) = φ(x, x  ), we get that
By lim n→∞ α n, = , (.) and (.), it implies that
which together with (.) and Lemma . give that By Lemma ., we get that
It follows from Lemma . and lim n→∞ u n =x that
From (.), we get that
Since lim n→∞ α n, =  and the boundedness of {z n,i }, For all i ≥ , we consider
From (.) and (.), we get that d(S i z n,i , z n,i ) →  as n → ∞ for all i ≥ . By (.) and the closedness of S i , we havex ∈ S ix for all i ≥ , and sox ∈ F .
Step . We show thatx ∈ MEP(f , ϕ, C). Since u n = T r n w n , we derive
From relaxed ξ -monotonicity of f , we have
Since Ju n -Jw n r n →  and u n →x. By (A), the lower semicontinuity of ϕ and the upper semicontinuity of ξ , we have
For all y ∈ C and t ∈ (, ], let y t = ty + ( -t)x. Since C is convex, we have y t ∈ C, and then
By (A) and p > , taking the upper limit t →  in (.), we get
Therefore,x ∈ MEP(f , ϕ, C).
Step . Finally, we prove thatx =
. Since w ∈ ⊂ C n , for all n ≥  and x n ∈ C n x  , we have
Since x n →x, we get that
In the case of f ≡  and ϕ ≡  in Theorem ., we have the following corollary. 
Application
We utilize Theorem . to study a modified Halpern iterative algorithm for a system of mixed equilibrium problems. Therefore, the result can be obtained from Corollary ..
Conclusion
In this paper, we establish the existence of a solution of the mixed equilibrium problem MEP(f , ϕ, C) by using the KKM mapping in a Banach space setting, when f is relaxed ξ -monotone. Then, by virtue of this result, we introduce a hybrid iterative scheme and prove that our proposed iterative scheme converges strongly to a common element of the set of solutions of MEP(f , ϕ, C) and the set of common fixed points of a countable family of quasi-φ-asymptotically nonexpansive multivalued mappings.
